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The rarely used Hamilton-Jacobi equation has been utilized as an elegant way to find the trajectories of me-chanical systems and to derive symplecticmaps. Further, the exact solution in kick approximation ofHamilton’sequations of motion in interaction representation is written as a generalized one-turn twist map.One can imagine that the nonlinear kick comes first, followed by the one-period rotation along the machinecircumference, or a second alternative in which the one-period rotation occurs before the kick. There is a dif-ference in the result of solving Hamilton’s equations between the two cases, which is expressed in obtaining astandard forward twist map in the first case, or alternatively a backwardmap in the second one. This nontrivialand intuitively unclear peculiarity is usually ignored/overlooked in practically all specialized references on thetopic.Finally, the statistical properties and the behavior of the density distribution of a particle beam in configurationspace under the influence of an isolated sextupole have been studied.
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I. Introduction

Although the study of chaotic motions in nonlin-ear mechanics has dominated the field in recenttimes, the study of regular motion and its stabil-ity is still a pressing issue in a number of sub-fieldsof plasma physics, accelerator physics, celestial me-chanics, fluid mechanics and others. These impor-tant applications include wave–particle interactions[1, 2], magnetic field structure in magnetic confine-ment devices [3, 4], transport and mixing in fluids[5, 6], particle motion in accelerators [7], and long-time evolution of the solar system [8]. For instance,increasingly difficult problems arise daily in the de-sign of very large particle accelerators and storagerings. In such machines, particles must be kept intightly confined orbits for enormous time intervals.
To meet these requirements, accelerator designersrely on single-particle tracking, which involves cal-culating individual trajectories in external fields fora variety of initial conditions by approximately in-tegrating Hamilton’s equations of motion. The spe-cific nature of the problem often requires the use ofunusual integration methods, such as "kick approx-
imation", symplectic integration, symplectic map-ping methods, etc. Much effort is put into creat-ing numerical integration procedures valid for largetime intervals, but inevitably in coexistence withlimitations on accuracy, convergence and computa-tional time. In large accelerators, it is difficult (not

to say that very often impossible) to track the orbitsof individual particles over sufficiently long time in-tervals in order to assess their stability. Moreover,one can usually afford to try only a limited numberof initial conditions, or in other words, a number ofparticles orders of magnitude less than those actu-ally contained in the beam itself.
The only scheme known to converge is the super-convergent Kolmogorov-Arnold-Moser (KAM) per-turbation theory [9, 10], but it has unfortunately re-ceived scant attention as a possible computationaltool in both accelerator and plasma physics. Eachstep of the KAM iteration invokes an approximatesolution to the Hamilton-Jacobi equation, usuallyin lowest order of perturbation. With the excep-tion of an early paper by Robert L. Warnock andRonald D. Ruth [11] and a couple subsequent arti-cles by the same authors, theHamilton-Jacobi equa-tion method has been practically unused in accel-erator physics over the years. To the best of ourknowledge, this method has received very scant at-tention in plasma physics [12], as well.
The Hamilton-Jacobi equation provides an elegantframework for solving Lagrangian and Hamiltoniansystems by transforming them into a partial differ-ential equation, simplifying problems like findinggeodesics and offering a link between classical me-chanics and quantummechanics. Its advantages in-clude a wave-like interpretation and the ability todescribe families of solutions related to conserved
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quantities - the second feature especially valuablewhen it comes to the description of regular motion.In addition, it offers a powerful approach to solvingproblems in analytical mechanics by transformingcomplex dynamics into a single partial differentialequation. Among the merits of the Hamilton-Jacobiequation, it is necessary to mention the facilitationin finding optimal canonical transformations thatsimplify theHamiltonian system, potentiallymakingthe equations of motion trivial in the new canonicalvariables. Finally, it must be pointed out that theHamilton-Jacobi equation is not always a simplifica-tion. In many cases, the Hamilton-Jacobi approachdoes not inherently simplify the solution of the orig-inal Hamiltonian problem.
The method of canonical transformations and theassociated Hamilton-Jacobi equation are particu-larly valuable for constructing Hamiltonian maps.It does not suffer from the disadvantages of otherknown approaches, in which the derivation (exceptfor a known limited number of cases) restricts thepossible symplectic forms of the map, thus remain-ing largely intangible. A good comparison betweenvarious methods for deriving symplectic maps, re-pletewithmany concrete examples, with an empha-sis on the canonical transformations approach, canbe found in Ref. [13].
In the present work, we will show that the above-mentioned method is based on a canonical changeof variables, which at first glance eliminates pertur-bations in periodic time intervals. This proceduretransforms the perturbed system into a new onealso known as a Hamiltonian system in interactionrepresentation. For that new system the motion isunperturbed (well known in explicit form) through-out the entire period, except for discrete periodictime instants, where all perturbations act instanta-neously as kicks.
The article is organized as follows. In Sections II.and III. the Hamilton-Jacobi equation has been in-troduced as an elegant way to find the trajectoriesof mechanical systems. Further, on the example ofan isolated, infinitely thin magnetic sextupole, theHamilton-Jacobi equation is being solved perturba-tively. The full canonical transformation turns out tobe equivalent to the Hénon map in a canonical form.In Section IV. the solution of Hamilton’s equations ofmotion in interaction representation has been ob-tained in the form of a generalized one-turn map.The difference between the case where the nonlin-ear kick comes first, followed by a single one-periodrotation, versus the case where the rotation occursbefore the kick has been stressed out. This non-obvious difference is usually tactfully omitted in al-most all references devoted to the topic. In SectionVI. the statistical properties and the behavior of thedensity distribution of a particle beam in configura-

tion space under the influence of an isolated sex-tupole have been studied. Finally, Section VII. pro-vides concluding remarks and outlook.

II. The Classical Hamilton-
Jacobi Equation

For simplicity, let us consider a single degree of free-dom betatron motion in the horizontal direction ofa plane transverse to the particle trajectory in thepresence of a singly located sextupole and/or oc-tupole, perturbing the linear accelerator lattice. Inwhat follows, each of the above-mentioned nonlin-earities will be considered either separately or incombination in more detail. It is important to notethat in a similar way higher-order multipoles canalso be included in the consideration, at the cost ofincreasing algebraic tediousness in the calculationswith the order of the multipole. The Hamiltoniangoverning the single-particle dynamics is set by theexpression [14]
H =

χ̇(θ)

2

(
P 2 +X2

)
+

S0(θ)

3
X3+

O0(θ)

4
X4, (1)

where
S0(θ) =

λ0(θ)β
3/2(θ)

2R2
, O0(θ) =

µ0(θ)β
2(θ)

6R3
.

(2)In addition, (X,P ) denotes the normalized trans-verse phase-space coordinates and θ is the inde-pendent azimuthal variable matching the machinecircumference, which usually plays the role of timein accelerator theory. Moreover, χ̇ = R/β is thederivative of the phase advance with respect to theazimuthal variable, where R is the mean machineradius, and β is the well-known Twiss beta-function.The dimensionless quantities λ0(θ) and µ0(θ)mea-sure the sextupole and the octupole strengths, re-spectively, and are given by
λ0 =

R2

Bz

(
∂2Bz

∂x2

)
x=z=0

, (3)
µ0 =

R3

Bz

(
∂3Bz

∂x3

)
x=z=0

. (4)
The Hamilton-Jacobi equation is an elegant way tofind the trajectories of mechanical systems, but un-fortunately it is hardly ever used either in the theoryof charged particle accelerators, or in the physics ofplasmas. As is commonly known [15, 16, 17], thebasis of theHamilton-Jacobimethod is the introduc-tion of an appropriately chosen generating functionthat sets the new Hamiltonian to zero. This meansthat the new coordinates and the newmomenta areconstants of motion. The Hamilton-Jacobi equation
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can solve for these constants of motion, providingan alternative to solving differential (Hamilton’s orLagrange’s) equations of motion, especially in com-plex systems. Choosing the generating function tobe of the second kind F (X, p; θ), we can write theHamilton-Jacobi equation as
∂θF+

χ̇

2

[
(∂XF )

2
+X2

]
+
S0

3
X3+

O0

4
X4 = 0. (5)

Here, ∂u denotes partial derivative with respect tothe variable indicated. It is convenient to pass tothe phase advanceχ as a new independent variableplaying the role of time
∂χF +

1

2

[
(∂XF )

2
+X2

]
+FX3 +GX4 = 0, (6)

where the normalized sextupole and octupolestrengths, respectively
F(θ) =

S0(θ)β(θ)

3R
, G(θ) =

O0(θ)β(θ)

4R
, (7)

are periodic in the azimuth F(θ + 2π) = F(θ),and G(θ + 2π) = G(θ). Finding an exact solu-tion to the above equation represents in itself arather complex task. The fact that the multipolenonlinearity is usually sufficiently weak (muchweaker than the characteristic parameters of thelinear magnetic lattice) simplifies this task to someextent and the solution to the Hamilton-Jacobiequation can be sought perturbatively. Since anapproximate solution with sufficient accuracy israther satisfactory in practice, we shall adhere tosuch a strategy here in the subsequent exposition.
It is known that in classical perturbation theory,the series expansion of the contribution of smallperturbations to a known solution implies weaknonlinearities. In quantitative terms, the main re-quirement is that a formal perturbation parameter
ϵ (representing the strength of the nonlinearity) besmall compared to 1. In the case of a weak sex-tupole, the necessary condition can be expressed
in the form λ0β

5/2
0 /

(
3R3

)
≪ 1/Xs, where Xsis the sextupole aperture. It is important to notethat this inequality holds for almost all practicallyimportant cases.

To beginwith, considering the sextupole and the oc-tupole as a first-order perturbation, the linear mag-netic structure is described by the zero-order gen-erating function
F0(X, p;χ) =

Xp

cosχ
− tanχ

2

(
p2 +X2

)
. (8)

The generating function given by the above Equ. (8)is an exact solution to Equ. (6) for F = G = 0.

The relationship between the old andnew canonicalvariables is
X = x cosχ+ p sinχ, P = −x sinχ+ p cosχ,(9)where as mentioned above the new canonical co-ordinates (x, p) are constants of motion. This is awell-known result [14] that represents the motionof particles in an accelerator as a rotation in the nor-malized phase space by an angle equal to the cor-responding phase advance.

III. Perturbation Solution
of the Hamilton-Jacobi
Equation

Let G(X, p;χ) be the first-order generating func-tion, where F = F0 + G + . . . and the dots implyhigher order contributions. The equation it satisfiesis written in the form
∂χG+

(
p

cosχ
−X tanχ

)
∂XG

+F(θ)X3 +G(θ)X4 = 0. (10)
Our goal here is to demonstrate the detailed per-formance and efficiency of the Hamilton-Jacobimethod on the simplest example of lowest-order(cubic) nonlinearity. The solution of the first-orderHamilton-Jacobi equation (10) is sought in the formof a homogeneous polynomial of third order in themixed canonical variables

G(X, p;χ) =
A(χ)

3
X3 +B(χ)X2p

+C(χ)Xp2 +
D(χ)

3
p3. (11)

As can be easily verified, the polynomial coefficientssatisfy the system of linear first-order differentialequations
dA

dχ
− 3A tanχ+ 3F = 0, (12)

dB

dχ
− 2B tanχ+

A

cosχ
= 0, (13)

dC

dχ
− C tanχ+

2B

cosχ
= 0,

dD

dχ
+

3C

cosχ
= 0,

(14)
In order to illustrate the results obtained by themethod of the Hamilton-Jacobi equation, we con-sider a single sextupole kick (in analogy with Ref.[18]) at each successive turn in the vicinity of the lo-cations θ = 0, 2π, 4π, . . . . In thin lens approxima-tion the sextupole strength S0(θ) in Eq. (2) can be
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written as a sampling function (also known as theDirac comb function)
S0(θ) = S

∞∑
k=−∞

δ(θ − 2kπ), S =
Lsλ0β

3/2
0

2R3
,

(15)where Ls is the sextupole length. Taking into ac-count the relation (2) and the properties of theDiracdelta function, we can expressF(χ) in terms of thephase advance χ as an independent variable as fol-lows
F(χ) =

S

3

∞∑
k=−∞

δ[χ(θ)− kω], ω = 2πν,

(16)where ν is the unperturbed betatron tune. Theequations (12) – (14) for determining the unknowncoefficients A, B, C and D are coupled linear first-order differential equations. Note that once the so-lution to a preceding one starting with the first Eq.(12) for A is found, it automatically determines thesolution to the next equation. The general solutionto the equation for A can be written as

A(χ) = − 3

cos3 χ

χ∫
dτF(τ) cos3 τ, (17)

with the natural initial condition A(0) = 0. To takethe above integral in explicit form, we use the well-known Fourier series expansion of the Dirac combfunction [14]
∞∑

k=−∞

δ[χ(θ)− kω] =
1

ω

∞∑
n=−∞

exp
(
in

χ

ν

)
, (18)

as well as the identity
∞∑

k=−∞

eikx

k + a
=

π

sinπa
exp {i[(2n+ 1)π − x]a}

for 2πn < x < 2π(n+ 1). (19)
The result is

A(χ) = − Mn

cos3 χ
,

Mn =
S

8
[Dn(3ω) + 3Dn(ω)± 4], (20)

where
Dn(ξ) =

n∑
k=−n

eikξ =
sin [(n+ 1/2)ξ]

sin (ξ/2)
, (21)

is the well-known Dirichlet kernel. The interestedreader is referred to Ref. [19], where themathemat-ical details concerning the Dirichlet kernel are pre-sented in a good, consistent and understandable

form. In addition, the sign "+" must be adopted incase the zero phase advance count starts in a small
ϵ-neighborhood including the zero (0− ϵ), whilethe "−" sign is taken if the count starts from 0 + ϵexcluding the zeroth kick. Next, the solutions forB,
C andD are obtained in a straightforward mannerand are expressed as follows
B(χ) =

Mn

cos2 χ
tanχ, C(χ) = − Mn

cosχ
tan2 χ,

(22)
D(χ) = Mn tan

3 χ. (23)
At this point we need to clarify what the subscript
n represents in the definition (20) of the quantity
Mn. The discrete nature of the sextupole nonlinear-ity given by theDirac comb (16), causes discretenessin the solution of the Hamilton-Jacobi equation, sothe subscript n denotes the ordinal number of therevolution.Let us now explain in detail what the value of thejust obtained solution to the Hamilton-Jacobi equa-tion is and what the direct consequence of it is.From Equ. (8) and Equ. (11), we obtain the canon-ical transformation
x =

X

cosχ
− p tanχ+BX2 + 2CXp+Dp2, (24)

P =
p

cosχ
−X tanχ+AX2+2BXp+Cp2. (25)

The first thing that catches the eye is the resonantnature of the canonical transformations (24) and(25) embedded in the quantityMn entering the cor-responding polynomial coefficients. The reason isthe specific behavior of the Dirichlet kernelDn(3ω)for values of the betatron tune close to third-orderresonance, and for large values of the number ofturns n. For small values of the sextupole strength
S and for a small number of revolutions, the quan-tity Mn remains sufficiently small. In such a case,equations (24) and (25) can be solved approximatelyin explicit form by successive iterations of the zero-order canonical transformation (9). As a result, weobtain

X −→ x cosχ+
(
p−Mnx

2
)
sinχ, (26)

p−Mnx
2 −→ X sinχ+ P cosχ. (27)

As we shall see in the next Section, the abovecanonical transformations are equivalent to theHénon map in a canonical form.
The natural question arises as to how justified theapproximation of "infinitely thin" (or delta-function)multipole kicks is, and how does this idealizationcompare to real-world accelerator magnets. Thefirst condition that needs to bemet is that the Twiss
β-function does not change noticeably along the
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multipole element, so that in practice it can be con-sidered constant. Instead of the representation (15)let us consider the more realistic one expressed interms of the rectangle comb function
S0(θ) = SL

∞∑
k=−∞

Π∆(θ − 2kπ), SL =
R

Ls
S.

(28)Here
Π∆(z) = H

(
z +

∆

2

)
−H

(
z − ∆

2

)
, (29)

implies the unit rectangle function, where H(z) isthewell-knownHeaviside step function. In addition,
∆ = Ls/R is the the angular extent of the sex-tupole. Taking into account Equ. (17) the expression(20) acquires the form

Mn =
SL

8
[L3Dn(3ω) + 3L1Dn(ω)

±(L3 + 3L1)], (30)
where the notation

Lm =
2

m
sin

(
m∆

2

)
, (31)

has been introduced. For a sufficiently small angu-lar extent of the sextupole ∆, in the first order allcoefficientsLm are equal to∆. This means that theexpression (20) is a limiting case of themore generalformula (30), valid in the case of a finite (sufficientlysmall) length of the sextupole.

IV. Hamilton’s Equations of
Motion in Interaction
Representation and the
Hénon Map

IV.a) Hamilton’s Equations of Motion

The generating function (8) eliminates the part inthe Hamiltonian (1) responsible for the linear struc-ture of the accelerator, thus emphasizing the influ-ence of the relevant nonlinearities. Such a repre-sentation is known in classical (and quantum) me-chanics as the interaction representation. The newHamiltonian is written as follows
H1(x, p; θ) =

S0(θ)

3
(x cosχ+ p sinχ)

3

+
O0(θ)

4
(x cosχ+ p sinχ)

4
. (32)

The Hamilton’s equations of motion in terms of thenew canonical variables (x, p) acquire rather sym-

metric form
dx

dθ
=

[
S0(x cosχ+ p sinχ)

2

+O0(x cosχ+ p sinχ)
3
]
sinχ, (33)

dp

dθ
= −

[
S0(x cosχ+ p sinχ)

2

+O0(x cosχ+ p sinχ)
3
]
cosχ, (34)

Let us consider as above a single multipole kick ateach successive turn in the vicinity of the locations
θ = 0, 2π, 4π, . . . .In the subsequent exposition worked out in detailwill be the case of an isolated infinitely thin sex-tupole with a strength S0(θ) as in Equ. (2), writ-ten again as a sampling function (15). Similar argu-ments and considerations are valid in the case ofa single octupole kick, or a higher-order-multipolekick.

IV.b) The Standard and the Backward
Henon Map

If the nonlinearmagnetic elements can be regardedas concentrated in a point resembling infinitely thinlenses, Hamilton’s equations (33) and (34) can besolved exactly within one revolution. This is a stan-dard procedure where the solution is representedas a recurrent symplectic map. The solutions of theHamilton’s equations can be sought in two alterna-tive intervals θ ∈ (−ϵ, 2π − ϵ) or θ ∈ (ϵ, 2π + ϵ)both covering one complete revolution period. Inthe first case, the lap revolution is counted start-ing in the epsilon-neighborhood before the nonlin-ear kick (to be included), while in the second case,the count starts immediately after the previous (un-counted) kick and ends immediately after the corre-sponding next-in-order kick is performed. In otherwords, in the first case the nonlinear kick comesfirst, followed by the one-turn rotation, while in thesecond case, the one-period rotation occurs beforethe kick. There is a difference in the result of solvingHamilton’s equations between the two cases, whichis usually ignored or silenced tactfully in practicallyall dedicated references on this topic. We will dwellon this difference in more detail here.Consider an isolated nonlinear element, say a sex-tupole - higher-order nonlinear elements can betreated in a completely analogous way. First, wesolve Hamilton’s equations of motion in the interval
θ ∈ (−ϵ, 2π − ϵ) and obtain

x = x0 = const, p = p0 −Sx2
0. (35)

Generalizing the above result for each successive
n-th turn and taking into account the relations of
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Equ. (9), the one-turn map can be written as
Xn+1 = Xn cosω +

(
Pn −SX2

n

)
sinω,

Pn+1 = −Xn sinω +
(
Pn −SX2

n

)
cosω. (36)

Here, (Xn, Pn) are the initial values (x0, p0) of thecanonical variables before the respective n-th lap,while (Xn+1, Pn+1) are the corresponding valuesafter performing the rotation. The two-dimensionalmapping (36) is known as the Hénon map [20, 14].
In dimensionless variables (X̂, P̂

)
= S(X,P ) the
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P

Figure 1: Phase portrait of the canonical Hénonmap (37)
close to the third-order nonlinear resonance
3ν = integer. The particular value of the frac-
tional part of the unperturbed betatron tune is
taken to be 0.31114.

Hénon map acquires the canonical form
X̂n+1 = X̂n cosω +

(
P̂n − X̂2

n

)
sinω,

P̂n+1 = −X̂n sinω +
(
P̂n − X̂2

n

)
cosω. (37)

Let us now obtain the solution of Hamilton’s equa-tions (33) and (34) in the interval θ ∈ (ϵ, 2π + ϵ).The result is
x = x0 +S(x0 cosω + p0 sinω)

2
sinω,

p = p0 −S(x0 cosω + p0 sinω)
2
cosω. (38)

Taking again into account the relations of Equ. (9),the one-turn map can be written alternatively
Xn+1 = Xn cosω + Pn sinω,

Pn+1 = −Xn sinω + Pn cosω −SX2
n+1. (39)

This is the backward Hénon map, which can beflipped over (reversed) and written like this
Xn = Xn+1 cosω −

(
Pn+1 +SX2

n+1

)
sinω,

Pn = Xn+1 sinω +
(
Pn+1 +SX2

n+1

)
cosω. (40)

The backward map is basically the same Hénonmap, but with the difference that the motion takesplace in the opposite direction, equivalent to revers-ing time. The result just obtained is quite inter-
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Figure 2: Phase portrait of the backward canonical
Hénonmap counterpart of Equ. (40) close to the
third-order resonance 3ν = integer. Similar to
Fig. (1), the particular value of the fractional part
of the unperturbed betatron tune is taken to be
0.31114.

esting, to some extent non-trivial, and in addition,rather intuitively unexpected.Figures (1) and (2) present the typical phase por-traits of the standard Hénonmap (37) and the back-ward Hénon map, respectively. It is clearly visiblethat apart from a rotation in phase space by an an-gle of π/2, the two phase portraits are identical.

V. The General Twist Map

Consider now a combination of nonlinear magneticelements, say a sextupole (located at θs = 0) and anoctupole located at θo along themachine circumfer-ence. Similar to Equ. (15), in the thin lens approxi-mation the corresponding octupole strength O0(θ)can be written as
O0(θ) = O

∞∑
k=−∞

δ(θ − 2kπ), O =
Loµ0β

2
0

6R4
,

(41)where Lo is the octupole length. Repeating the ar-guments used in the derivation of the Henon map,successively for the sextupole and for the octupole,we canwrite the canonical (dimensionless) one-turnmap in the form of a generalized twist map
Xn+1 = (Xn + Fn) cosω + (Pn +Gn) sinω,

Pn+1 = −(Xn + Fn) sinω + (Pn +Gn) cosω, (42)
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where Fn = F (Xn, Pn) and Gn = G(Xn, Pn) arecertain functions of Xn and Pn. In our case thesefunctions are expressed as
F (X,P ) = Λo

[
X cosωo +

(
P −X2

)
sinωo

]3
× sinωo, (43)

G(X,P ) = −X2 − Λo[X cosωo

+
(
P −X2

)
sinωo

]3
cosωo. (44)

Here ωo is the phase advance in the location of theoctupole, while Λo = O/S2 is a dimensionless pa-rameter comparing in terms of order-of-magnitudethe strengths of the sextupole and the octupole. Itcan be easily verified that the generalized twist map(42) is symplectic if
∂F

∂X
+

∂G

∂P
+ {F,G} = 0, (45)

where
{F,G} =

∂F

∂X

∂G

∂P
− ∂F

∂P

∂G

∂X
, (46)

is the Poisson bracket.

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

X

P

Figure 3: Phase portrait of the generalized twist map of
Equ. (42) close to the fourth-order resonance
4ν = integer. The octupole location is taken to
be θo = π, while its relative strength is Λo ∼ 1.
The particular value of the fractional part of the
unperturbed betatron tune is taken to be 0.243.

Figure (3) shows the phase portrait of the general-ized twist map presented by Equ. (42). The four-fold symmetry of the islands of stability, manifestednear the fourth-order resonance driven by the oc-tupole nonlinearity, is clearly visible. The outer en-velope (separatrix) of the phase-space curves hasa triangular symmetry, caused by the leading sex-tupole nonlinearity.

VI. Statistical Description of
Nonlinear Dynamics

Statistical theory is always associated with a spe-cific dynamical model of some kind, the evolutionof which is most often governed by equations ofmotion. Among the preserved quantities charac-terizing a given dynamical model, one of particularimportance is a quantity possessing classical prob-abilistic properties, called the distribution function.For Hamiltonian systems of the type (1) the distribu-tion function f(X,P ; θ) satisfies the Liouville equa-tion
∂f

∂θ
+ {f,H} = 0. (47)

It can be shown [14, 21] that a possible solutionof the Liouville equation is a distribution function
f(X,P ; θ), which is constant (independent ofX , Pand θ) inside a region in phase space confined bythe simply connected boundary curves P(+)(X; θ)and P(−)(X; θ), and zero outside. In other words

f(X,P ; θ) = C
{
H

[
P − P(−)(X; θ)

]
−H

[
P − P(+)(X; θ)

]}
, (48)

where H(z) is the well-known Heaviside function.Defining further the hydrodynamic density ϱ(X; θ)and the current velocity V (X; θ) according to therelations
ϱ(X; θ) = C

[
P(+)(X; θ)− P(−)(X; θ)

]
, (49)

V (X; θ) =
1

2

[
P(+)(X; θ) + P(−)(X; θ)

]
, (50)

the Liouville equation (47) can be cast into com-pletely equivalent system of hydrodynamic equa-tions
∂ϱ

∂χ
+

∂

∂X
(ϱV ) = 0, (51)

∂V

∂χ
+V

∂V

∂X
+v2T

∂

∂X

(
ϱ2
)
= −X−3FX2−4GX3.

(52)The quantity
v2T =

1

8C2
, (53)

is the normalized thermal speed-squared. Theabove system of hydrodynamic equations sup-plemented with the field equations for the self-consistent potentials has been widely studied indescribing collective processes in intense space-charge dominated beams and beam-plasma sys-tems [14, 21, 22].Here it is worth noting in the first place, that in thespirit of Equ. (9) for the linear unperturbed acceler-ator lattice, we have
P 2 +X2 = x2 + p2 = const,
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Figure 4: Unperturbed density profile ϱ0(X) according
to Equ. (54).

implying that P(±)(X; θ) ∼ ±
√
const−X2. Withthis reasoning in hand, it is convenient to write thesolution of the hydrodynamic system (51) and (52)in the form

ϱ20(X) = J − X2

2v2T
, V0 = 0, (54)

which is exact in the case of an unperturbed linearmachine structure. Here J = const denotes thelinear betatron invariant. This solution will serve usfurther as a basic zero-order approximation. Con-sidering the nonlinear elements as first-order con-tributions in magnitude, we write the linearized hy-drodynamic equations as
∂ϱ1
∂χ

+
∂

∂X
(ϱ0V1) = 0, (55)

∂V1

∂χ
+ 2v2T

∂

∂X
(ϱ0ϱ1) = −3FX2 − 4GX3. (56)

Manipulate these in an obvious manner, we end upwith a single equation for ϱ1 expressed as
∂2ϱ1
∂χ2

− 2v2T
∂

∂X

[
ϱ0

∂

∂X
(ϱ0ϱ1)

]
=

∂

∂X

[
ϱ0
(
3FX2 + 4GX3

)]
. (57)

It is reasonable to assume that the effect of the non-linearity on the density function ϱ0(X) is limitedonly to varying the linear invariantJ. Thus, we con-jecture a tentative solution to the above equation ofthe form
ϱ1(X;χ) =

1

2ϱ0
J1(X;χ). (58)

The new unknown function J1 satisfies the follow-ing equation
∂2J1

∂χ2
− 2v2T ϱ

2
0

∂2J1

∂X2
+X

∂J1

∂X

= 2ϱ20
(
6FX + 12GX2

)
− 1

v2T

(
3FX3 + 4GX4

)
. (59)

Consider again an isolated infinitely thin sextupole;octupoles and other higher-order nonlinear ele-ments can be treated in a similar manner. It is clearthat the solution to Equ. (59) can be written as fol-lows
J1(X;χ) = A(χ)X +B(χ)X3. (60)

where the unknowns A(χ) and B(χ) satisfy theequations
d2B

dχ2
+ 9B = −9F

v2T
, (61)

d2A

dχ2
+A = 12J

(
F + v2TB

)
. (62)

Utilizing the Fourier series expansion of the Diraccomb function (18) the solution of Equ. (61) in aFourier series decomposition is found to be

B(χ) =
S

4πv2T

∞∑
n=−∞

(
1

n− 3ν
− 1

n+ 3ν

)
× exp

(
in

χ

ν

)
, (63)

Taking into account the identity (19), we can convertthe Fourier representation (63) into a closed form.The result is
B(χ) = − S

2v2T sin (3ω/2)
cos 3[χ− (n+ 1/2)ω],

(64)where nω < χ < (n+ 1)ω. In a similar way, onecan proceed with the analysis of Equ. (62), the solu-tion of which is expressed as follows
A(χ) =

2JS

sin (ω/2)
cos [χ− (n+ 1/2)ω]

+
3JS

4 sin (3ω/2)
cos 3[χ− (n+ 1/2)ω]. (65)

Figure (4) presents the density function in the linearaccelerator structure, while Fig. (5) shows the struc-tural effect of the isolated sextupole. The distortionand the periodicity of the density distribution areclearly visible at values of the unperturbed betatrontune close to third-order resonance. It is importantto note that at values of the betatron tune increas-ingly close to the third-order resonance, unpopu-lated islands (holes) appear in the density distribu-tion. Although the statistical analysis of the beamdensity just performed seems mathematically un-usual and to some extent sophisticated, it could bemore clearly related to experimental observables.In real accelerators, "holes" in the beam density dis-tribution could be observed if the betatron tune isadiabatically adjusted to approach an exact reso-nance as shown in Figure 6.
Vol. 7, Issue 1 295 ©by the author(s) 2026, Layout by G-Labs



S.I.Tzenov J. Technol. Space Plasmas, Vol. 7, Issue 1 (2026)

Figure 5: Density profile ϱ0(X,χ), where J has been
replaced by J + J1 according to Equ. (60).
The particular value of the fractional part of
the unperturbed betatron tune is taken to be
0.3333265, that is close to the third-order reso-
nance.

VII. Concluding Remarks and
Outlook

The main cornerstone of the present article is theintroduction of the Hamilton-Jacobi equation as anelegant way to explicitly compute the trajectories ofmechanical systems. The application of the canoni-cal transformation approach is particularly advanta-geous in deriving recurrence maps, since the latterare necessarily symplectic by construction. In par-ticular, on the example of an isolated, infinitely thinmagnetic sextupole, the Hamilton-Jacobi equationis solved perturbatively. It turns out that the fullcanonical transformation thus obtained is equiva-lent to the Hénon map in canonical form.
The elimination of the unperturbed part of the over-all dynamical system, whose dynamics are assumedto be known, a procedure also known as the inter-action representation, is extremely convenient. Inaddition, if the nonlinear magnetic elements can beconsidered as infinitely thin lenses, the Hamiltonianequations can be solved exactly within a single oneperiod. Thus, the solution of the equations of mo-tion in the interaction representation is obtained inthe form of a generalized one-turn symplectic twistmap.
Two cases are considered in detail: in the first case,the full rotation along the machine circumferenceis counted starting from an epsilon-neighborhoodbefore the nonlinear kick (to be included). In thesecond case, the counting of one period starts im-mediately after the previous (uncounted) kick andends immediately after the corresponding next kickis performed and counted in. The difference in solv-

Figure 6: Density profile ϱ0(X,χ), similar to Fig. (5).
The particular value of the fractional part of
the unperturbed betatron tune is taken to be
0.3333275, at which value the already begin-
ning process of hole formation is clearly visible.

ing Hamilton’s equations between the two cases isthat the first case yields the classical Hénon map,while in the second case the backward Hénon mapis obtained. This non-trivial peculiarity is usually ig-nored or tactfully omitted in practically all special-ized references on this topic.
Finally, a study of the statistical properties and be-havior of the density distribution of a particle beamin configuration space under the influence of an iso-lated sextupole is carried out.
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