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ABSTRACT: The Particle-in-Cell modelling of gridded ion engine plume neutralisation has been
simplified when compared to traditional methods. This results in significantly less computational
resources being required. The NSTAR engine was modelled as a reference, where simulated
specific impulse values were found to be 5% higher than the real engine. This method will be
most suited to rapid prototyping and optimisation studies, where speed of simulations is an
important factor.
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I.

Introduction

Tsiolkovsky’s Rocket Equation, Eq. (1), describes
how a reaction engine operates.
Δ𝑉 = 𝑉𝑒 ln (

𝑚0

𝑚𝑓

)

(1)

The term Δ𝑉 is the desired change of velocity that
a rocket or spacecraft requires to complete a
given manoeuvre [1]. This is irrespective of the
method of travel, due to the intrinsic relationship
between velocity and orbital paths. The terms 𝑚0
and 𝑚𝑓 are the initial and final mass of the
vehicle, respectively, where the difference in
these values is the theoretical minimum amount
of propellant required to complete the
manoeuvre. The final parameter, 𝑉𝑒 , is the
reaction engine’s exhaust velocity. This is often
-2
divided by standard gravity, 𝑔0 (9.81 ms ), to give
the value of specific impulse (𝐼𝑠𝑝 ). This is shown in
Eq. (2). 𝐼𝑠𝑝 is the only controllable value, as it is
governed by the propulsion system used, as well
as which propellant it utilizes.
𝐼𝑠𝑝 =

𝑉𝑒
𝑔0

(2)

Due to the exponential nature of Eq. (1), small
increases in 𝐼𝑠𝑝 can lead to dramatic reductions in
the amount of propellant required to obtain a
given Δ𝑉. SpaceX’s Raptor engines have an 𝐼𝑠𝑝 of
374 s, which is a decent value for a hydrocarbon
based fuel, in this case liquid methane [2]. Liquid
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hydrogen (LH2) engines have the highest 𝐼𝑠𝑝 of
any widely used chemical propellant, with the
European Space Agency’s (ESA) VINCI engine
having a value of 465 s [3]. LH2 has a very low
-3
density (70 kgm ) and exists only at extreme
cryogenic temperatures, below 20 K [4]. This
leads to very large and bulky fuel tanks that
require high levels of insulation. This increases
the dry mass and drag of a rocket considerably,
but the relatively small increase in 𝐼𝑠𝑝 (~25%)
means LH2 is the fuel of choice for a large
number of launch vehicle upper stages. In order
to increase propellant efficiency further, a new
class of propulsion was created – electric
propulsion (EP) [5].
Unlike chemical propulsion, EP devices do not
rely on combustion to provide kinetic energy.
Electrothermal devices are similar to chemical
thrusters but use electrical heating to raise a
propellant’s potential energy rather than
combustion. Electrostatic and electromagnetic
thrusters use very different methods, however.
Instead, they use electromagnetic forces to
accelerate charged particles to far higher speeds
than is possible with chemistry or electrothermal
methods. This leads to orders of magnitude
better propellant efficiency, resulting in smaller
spacecraft that require less massive rockets for
launch. The first contemporary ion engine, NASA’s
NSTAR thruster, has a specific impulse of 3200 s
[6]. ESA has a design that has been
experimentally ground tested, the Dual-Stage 4© G-Labs 2021
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Grid (DS4G), with a potential specific impulse of
19 300 s, equivalent to an exit velocity of
-1
189 kms , more than 40 times that of VINCI [7].
NSTAR is a gridded ion engine. These thrusters
first ionise a propellant, usually xenon, to create a
plasma. These ionised particles are then
accelerated through two charged grids by the
force of electrostatic attraction. The first grid is
charged so that it extracts the xenon ions out of
the plasma but contains the electrons. The
positive ions then pass through the second grid,
which has the opposite charge. This accelerates
the xenon ions out of the engine, imparting a
thrust on the spacecraft by virtue of conservation
of momentum. Once the ions have left the
engine, they require neutralisation by electron
bombardment. This stage is vital, else
conservation of charge would be violated, causing
the spacecraft to become electrically charged [8].
Fig. 1 shows a diagram of how the NSTAR engine
operates.
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stages of this algorithm will be discussed in the
methodology section of this paper. Full-fidelity
simulations performed on high-performance
computers can take a month of continual
simulation time, even in only two spatial
dimensions [11].
In order to reduce code run times to a more
manageable
level,
numerical
acceleration
techniques have been studied [12]. These include
modifications such as artificially increasing the
permittivity of vacuum, artificially increasing the
mass of plasma ions, moving ions only after a
certain multiple of time-steps (sub-cycling), as
well as others. These can be combined to reduce
run times by orders of magnitude.
The purpose of this paper is to introduce a novel
numerical acceleration technique. This method is
applicable to the plume neutralisation process of
an ion engine. The studies performed were for
gridded ion engines, however it is plausible that
the method would be applicable to Hall Effect
thruster PIC studies too, as the neutralisation
process is similar. More detail is given near the
end of the methodology section of this paper, but
essentially this novel method approximates the
neutralisation process. This involves only using
one position coordinate check per each emitted
xenon ion. This eliminates the need to introduce
neutralising electrons emitted from
the
neutraliser, reducing particle loads substantially.

II.
Figure 1: Diagram showing how the NSTAR engine
operates [9]. This is a typical gridded ion
engine.

Methodology

The studies conducted for this paper use the
Particle-in-Cell (PIC) method [13]. Fig. 2 illustrates
how the essential parts of the algorithm function.

Table 1 lists key parameters for this engine. All
values are found in NASA’s NSTAR Technology
Validation Report for throttle level 15 (maximum)
[6].

Table 1: NSTAR engine parameters

A common algorithm used for modelling plasma
for spacecraft propulsion is the Particle-in-Cell
method, first created in the 1950’s [10]. The
Vol. 2, Issue 1 - 110

Figure 2: Flow chart explaining the core stages of
the algorithm for the electrostatic
Particle-in-Cell method. This was
conducted in the studies for this paper.
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The method models the constituent particles of a
plasma (xenon ions and electrons) and how they
interact with each other. To keep the number of
particles
in
the
system
realistic,
each
computational particle, or ‘super particle’
represents many thousands of real particles. Real
and simulated particles behave the same, as their
charge-to-mass ratio is equal. This is seen in Eq.
(3), where Z is this ratio, q is the particle’s charge
and m is its mass.

Δ is the Laplacian Operator, 𝜙 is the potential to
be solved and 𝜌 is the charge density. Electric
field strength for each node is then the average
potential of neighbouring nodes, divided by the
length of each cell.
The electrostatic Lorentz Force drives the
movement of particles (Eq. 6), where 𝐹 is the
force acting on the particle and 𝐸 is the strength
of an electric field that the particle of charge q
experiences.
(6)

F = qE
Z=

q

(3)

m

The plasma density close to NSTAR’s ionising
17
-3
hollow cathode is approximately 10 m , which
10
gives a plasma frequency of 1.783 x 10 Hz [14].
This is calculated from Eq. (4).
𝑛𝑝 𝑞𝑒2

fplasma = √

𝑚 𝑒 ϵ0

(4)

where 𝑛𝑝 is the plasma density, 𝑞𝑒 is the charge of
an electron, 𝑚𝑒 is the mass of an electron and ϵ0
is the permittivity of free space. In order for the
simulation to be stable, the time step size must
be the inverse of this frequency, in this case 5.606
-11
x 10 seconds. The discharge current of NSTAR’s
main hollow cathode is 13.13 A [14]. This is equal
-1
to 13.13 Cs . As one coulomb of charge is
18
19
equivalent to 6.242 x 10 electrons, 8.195 x 10
electrons are being emitted by the cathode per
9
second. Therefore, 4.594 x 10 electrons are
emitted by the cathode every time step. The
number of electron super particles entering the
domain every time step was set to 100, above the
recommended minimum of 60 [15]. The specific
weight of each computational particle is 4.594 x
7
10 .
As these particles are electrically charged, they
create their own dynamic electric field which
changes every time step. This is added to the
externally applied field (from the charged grids).
In order to calculate these self-fields, the charge
density must be known. To achieve this, the
simulation domain is divided into a regular grid
pattern (creating square cells). Each particle’s
charge is then assigned to the four nearest grid
points, weighted linearly based on the particle’s
proximity to each node. This is called the Cloudin-Cell algorithm [16]. Potential can then be
calculated at each grid point, using Poisson’s
Equation, Eq. (5).
Δ𝜙 = −
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𝜌
𝜖0

(5)

Newton’s second law is then used to calculate the
acceleration, 𝑎. Combining these equations gives
rise to Eq. (7). As can be seen, this further
simplifies to the charge-to-mass ratio multiplied
by the electric field strength.
a=

qE
m

(7)

= 𝐸𝑍

Multiplying the acceleration components by the
time step size gives a new velocity, that leads to a
new position. This completes the particle moving
section.
Finally, particle collisions need to be considered.
The two main algorithms are Monte Carlo
Collision (MCC) and Direct Simulation Monte
Carlo (DSMC) [17] [18]. The code for this paper
uses MCC, which is much less computationally
expensive than DSMC. Unlike DSMC, MCC allows
the neutral propellant particles within the engine
cavity to be unsimulated, which reduces particle
counts massively when compared to DSMC. Any
electrons within the simulation have a probability
of causing an ionisation event. This event creates
a xenon ion and one additional electron. This is
described by the ionisation formula below.
e− + 𝑋𝑒 → 2𝑒 − + 𝑋𝑒 +

(8)

where e− is an electron, 𝑋𝑒 is a neutral xenon
propellant atom and 𝑋𝑒 + is a xenon ion. Eq. (9)
describes this ‘collision probability’ (P). 𝑛𝑛 is the
neutral propellant gas number density, 𝜎 is
collisional cross-sectional area, 𝑔 is the electron’s
velocity magnitude and Δ𝑡 is the time since the
last collision check. Once the probability has been
determined, a random number is assigned. If this
number is lower than the collision probability
then the ionisation event occurs.
P = 1 − exp(−𝑛𝑛 𝜎𝑔Δ𝑡)

(9)

Collisional cross section is dependent on the
velocity of the ionising electron, which has to be
© G-Labs 2021
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determined experimentally. This data is available,
however does not follow a particular function
[19]. Average electron energies in the studies for
this paper were found to be near 48 eV,
corresponding to a collisional cross section of
-20
2
4.75 x 10
m , which was used for all
calculations. This approximation saves large
computational expense, as otherwise each
electron would have to be cross referenced to a
database at every time step. As there are typically
hundreds of thousands of electrons, as well as
time steps, this would lead to far longer code run
times. Reducing run time is the focus of this
paper, as the code is primarily intended for fast
PIC simulations to evaluate multiple ion engine
designs at an early stage of development.
This core algorithm has been implemented in the
code for this paper. The plume neutralisation
process is often performed by simulating
electrons emitted from the neutralising hollow
cathode [20]. DSMC is then performed to
calculate whether a collision between an emitted
xenon ion and a neutralising electron occurs,
which results in both particles combining to
become a neutral xenon atom. This extra particle
load, along with the DSMC algorithm, leads to a
significant amount of extra computational
expense to model the neutralisation process.
The 3D model of the NSTAR assembly, complete
with neutralising cathode, is seen in NASA’s
Technology Validation Report [6]. Based on
measurements of this model, it is estimated that
the bulk of neutralisation will occur downstream
of the thruster exit, in a region approximately 3040% the length of the engine past the exit.
Converting xenon ions to neutral xenon atoms
after a certain distance allows for the entire
neutralisation process to be modelled in one
simple step, bypassing the need for DSMC
neutralisation, as well as the associated
neutralising electrons. The term ‘neutral plane’
will now be introduced. This is a vertical line in
the simulation domain with an x-value equal to a
fraction of total engine length. Any xenon ions
downstream of this line are converted to xenon
atoms, simulating the neutralisation process. Fig.
3 shows the results of a study with the neutral
plane value set to 1.3. This value is indicated by
the dashed line. As NSTAR’s length is 25cm, the
neutral plane is set to an x value 30% larger than
this – 32.5 cm [6]. Xenon ions are represented in
red, neutral xenon atoms are coloured in
magenta.
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Figure 3: Graphic showing the concept of the
neutral plane (shown by the dashed
line). Any xenon ions (red) that travel
downstream of this plane are converted
to xenon atoms (magenta). NSTAR is
represented by the black rectangle.

The simulations performed for this paper used
Fortran 90. Post-processing of each test case was
conducted using a custom MATLAB code and
comparisons of multiple test cases used Excel.

III.

RESULTS AND DISCUSSION

As the exact position of the neutralising hollow
cathode’s orifice is unknown, a range of studies
were performed. The value of the neutral plane
was set to 1.1 – 1.5, with increments of 0.2.
Each study was performed for one million time
steps, with a quasi-steady state being reached
after around 400 000 time steps. Total run times
for the codes were between 2:55 h and 3:05 h.
The number and type of each particle was
recorded. Additionally, the values of specific
impulse and divergence angles were also
calculated. Specific impulse is a measure of the
axial exit velocity of each xenon atom. Divergence
angles are the mean average of all particles’
angles with respect to the engine. If it is zero,
then it means the particle’s y component of
position is between the top and bottom of the
engine. Experimentally, the divergence angle of a
gridded ion thruster is defined as the profile of
95% of the emitted beam current [14]. This
effectively removes outliers, so this has been
implemented in post-processing too. Mass flow
rates were not recorded for this study, as
© G-Labs 2021
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changing the value of the neutral plane has
negligible influence on the electric fields within
the engine, which drive the ionisation process
and therefore mass flow rates. Fig. 4 shows the
particle count of the 1.3 neutral plane test case.

Figure 4: Graph showing how the numbers of each
particle species, as well as total number of
particles, varies with time. Quasi-steady
state reached after 400 000 time steps.
Neutral plane is again 1.3 for this example.

The number of electrons fluctuates frequently, so
a moving mean was conducted to smooth out
variance. The window for the moving mean was
set to 10 000 time steps. This was not necessary
for the xenon species.
Total particle count is quasi-steady state at
around 1.6 million total particles, which was the
same for all test cases. The number of xenon ions
tends to be slightly larger than the number of
electrons present. This is more pronounced the
larger the value of neutral plane. Inside the real
engine, quasi-neutral plasma (equal number of
xenon ions and electrons) exists. Within the
simulated engine there is a slight excess of ions,
however the source of this could not be
determined. Despite this, the noticeable
difference of ions to electrons can mostly be
attributed to the fact that any ion that has left the
engine but has yet to be neutralised will be
counted. Electrons are prevented from leaving
the engine cavity due to electrostatic repulsion of
the screen grid, so every electron counted here is
within the engine plenum.
Fig. 5 shows a comparison of mean specific
impulse as a function of the value of the neutral
plane. Due to variation in the number of each
particle species, specific impulse was calculated
only for the steady state region (400 000+ time
steps). The blue line shows this mean value for
each test case, whereas the orange line shows
the real engine’s specific impulse value (3200 s).
Vol. 2, Issue 1 - 113
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Increasing the value of the neutral plane causes
specific impulse to converge to around 3350 s.

Figure 5: Graph showing how changing the value of
neutral plane affects the mean specific
impulse value of the simulated NSTAR
engine. Blue line shows the simulated values
for each neutral plane value. The orange line
shows the real NSTAR engine’s specific
impulse (3200 s).

Due to the exact position of NSTAR’s neutralising
hollow cathode being unknown, it is not possible
to select an exact neutral plane value that is
known to be representative. Based off the 3D
model measurement estimates, the value of a
neutral plane would likely be between 1.3 and
1.4. This gives a specific impulse range of
between 3405.6 s and 3358.5 s, corresponding to
an overestimate of between 6.4% and just under
5.0%, respectively. The overestimation of specific
impulse could potentially be caused by the
unknown issue of the number of xenon ions
within the engine being slightly higher than the
number of electrons. A slight excess of xenon
ions likely causes the emitted ions to be travelling
slightly faster than they should do, as the excess
positive charge will cause them to be accelerated
more due to electrostatic repulsion. Specific
impulse is overestimated rather significantly
when the neutral plane is set to 1.2 or less. This is
likely due to the fact that the particles do not
experience enough change in velocity in the y
direction before being neutralised (after which
acceleration is zero). Therefore, the atoms’
velocity is disproportionately biased in the x
direction, which directly increases specific
impulse.
Fig. 6 shows a comparison of the mean
divergence angles of the same simulations. As a
large proportion of non-outlying particles are
neither above the top of the engine, nor below
the bottom, their values of divergence angle are
zero. This leads to a relatively low divergence. The
actual beam divergence of the real NSTAR engine
is around 5 degrees [6]. While not a smooth
function, a clear link can be made between how
increasing the value of the neutral plane
© G-Labs 2021
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exponentially increases divergence angle. Neutral
plane values of 1.10, 1.12 and 1.14 created zero
divergence at all (due to the removal of outliers).

J. Technol. Space Plasmas, Vol. 2, Issue 1 (2021)
from the thruster exit. This would work in a
similar way to Monte Carlo Collisions. This has
not yet been attempted as more information on
the neutralising cathode would be required.

V.

Notes

The codes for this paper are under development
for the lead author’s ongoing Doctor of
Philosophy in Aerospace Engineering. Source
codes of the PIC studies and post-processors will
be available to the public in 2024, upon
completion of studies.

VI.
Figure 6: Graph showing how changing the value of
neutral plane affects the angle of beam
divergence.

The simulated divergence angle is not
representative of the real engine. With a
divergence of 5 degrees, this would imply that the
real engine’s emitted beam current has a higher
component of radial velocity, which is both
unavoidable and undesirable. If the simulated
engine had a divergence value closer to the actual
engine then this would reduce axial velocity
slightly, bringing the specific impulse closer to the
real value. It is important to note that the neutral
propellant being emitted is non-collisional. If it
was, the divergence angle would likely be
considerably higher (possibly even higher than 5
degrees). Collisional checks are generally
computationally expensive, so they were omitted
from the code, which focuses on increasing the
speed of the PIC method.
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